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Introduction: We are here to analyse an n-gonal trapezohedron/deltohedron having 2n congruent faces each 


as a right kite (i.e. cyclic quadrilateral consisting of two congruent right triangles with a hypotenuse in 


common), 4n edges & (2n + 2) vertices lying on a spherical surface with a 
certain radius. All 2n right kite faces are at an equal normal distance from the 
centre of the trapezohedron. Each of 2n right kite faces always has two right 
angles, one acute angle (a) & other obtuse angle (6) (V B = 180° — a). Its 
each face has two pairs of unequal sides (edges) a&b(Va<b, 
equality holds only incase of acube) & can be divided into two 
congruent right triangles having longer diagonal of the face as their common 
hypotenuse. It has two identical & diagonally opposite vertices say vertices C 
& E out of total (2n+2) vertices at each of which n right kite faces meet 
together & rest 2n vertices are identical at each of which three right kite faces 
meet together (See the figure 1). 


no.of congruent right kite faces = 2n 
no.of edges=4n & no.of vertices = 2n+ 2 


Analysis of n-gonal trapezohedron/deltohedron: Let there be a 





Figure 1: A trapezohedron having 2n+2 vertices, 
An edges & 2n congruent faces each as a right kite 
having two pairs of unequal sides a&b(Va< 
b), two right angles, one acute angle a & one 
obtuse angle B (V B = 180° — a) 


trapezohedron having 2n congruent faces each as a right kite having two pairs of unequal sides (edges) 
a&b (Wa<b). Now let’s first determine the relation between two unequal sides of the right kite face of 
the trapezohedron by calculating the ratio of unequal sides (edges) a & b in the generalized form. 


Derivation of relation between unequal sides (edges) a & b of 
each right kite face of the trapezohedron/deltohedron: Let h be 
the normal distance of each of 2n congruent right kite faces from the 
centre O of a trapezohedron. Now draw a perpendicular OO’ from the 
centre O of the polyhedron at the point O’ to any of its right kite faces say 
face ABCD. Since the right kite face ABCD is a cyclic quadrilateral hence all 
its vertices A, B, C& D lie on the circle & the perpendicular OO’ will have 
its foot O’ at the centre of the circumscribed circle. (See figure 2). Now 
join all the vertices A, B, C & D to the centre O’ to obtain two congruent 
right triangles AABC & A ADC. Thus we have, 





AB=AD=a& BC=CD=b Va<b Figure 2: A perpendicular OO’ (normal to the plane of 
paper) is drawn from the centre O (0,0,h) of the 


= OASUR=0C= 0) = 


circumscribed centre O’ of face ABCD with AB = 


AC (AB)? + (BC)? Jae +b? trapezohedron to the right kite face ABCD at the 
2 2 AD =a&BC=CD=b Va<b 
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Now, draw the perpendiculars O’M & O’N to the sides AB & BC at their mid-points M & N respectively. Thus 
isosceles AAO’B is divided into two congruent right triangles AO’MA & AO'MB. Similarly, isosceles ABO'C is 
divided into two congruent right triangles AO'NB & AO'NC. 


In right AO’MA 


O'M = J (0'A)2 — (AM)? = = 
Similarly, in right AO'NB 


= = Bi _a 


O'N = /(0'B)2 — (BN)? = ( 5 5 


We know from HCR’s Theory of Polygon that the solid angle (w), subtended by a right triangle having 
orthogonal sides a & b at any point at a normal distance h on the vertical axis passing through the common 
vertex of the side b & hypotenuse, is given by HCR’s Standard Formula-1 as follows 


w= sin (=A) sin {(—) (pS 5)} 


Hence, solid angle (@,9’ y,) subtended by right AO'MA at the centre O (0,0, h) of polyhedron is given as 


@Wajo'ma = SIN —sin 
/ (AM)2 + (O'M)? (AM)? + (O'M)2/ \,/(00')2 + (O'M)? 


Now, by substituting all the corresponding values in the above expression we have 


.(__@) | | 


(5) +(3) (5) +) /\We+@) 


Se ee) 


®ao'ma = Sin7 


eth 


“| @yo'ma = Sine 


1 (3) — sin-1 (SS) 
Va? + b? (a? + b?) (4h? + b?) 


Similarly, solid angle (W,9’yg) subtended by right AO'NB at the centre O (0, 0, h) of polyhedron is given as 


Wajo'np = SiN —sin 
J (BN)2 + (O'N)2 J (BN)? + (O'N)2/ \ (00')2 + (O'N)2 


.{__@) }f _@ h 


2 


G) +() (2) +(3) / \\e+() 


Wao'ng = Sin” 


ee ee) 
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ste tenaereer SUD) 


sin ( e ) sin-t( zune ) 
. @M 1 = ————— od ——$—$—$_$ ee 
mae Va? + B? J@ +b) (4h? + a2) 


Now, solid angle (Wagcp) subtended by the right kite face ABCD at the centre O (0,0,h) of the polyhedron is 


given as 
@Mapcp = Waapc +t Waavc = 2(Wagnc) (since, AABC &AADC are congruents ) 
= 2(@a4o's + Ogpo'c) = 2{(@g0'ma + Ono'mB) + (gone + ®ao'ne)3 
= 2{2(@yo'ma) + 2@go'we)} = 4(@no'ma + none) (by congruent triangles) 


Since all 2n right kite faces of polyhedron are congruent hence the solid angle subtended by each right kite 


face at the centre of trapezohedron is 


total solid angle _4n an 


~ no.of congruent right kite faces — 2n on 


21 Tl 21 1 
oe Magen OF A(@ao'ma + no'nB) = TD OT @ao'ma + Wao'ne = Ai On 


1 


~ @Margi + Wan! =—_ 
AO’ MA AO’ NB 2n 


Now, by setting the corresponding values from the eq(I) & (II) in the above expression, we get 


sin (=) — sin“ (= + sin“ (ss) — sin“ (——— 
Va? + b (a? + b?)(4h2 + b?) Va? + b? (a? + b?)(4h? + a?) 


2n 
Lay a bi b 
= [sin (5) + sin (=) 
é [sin SS) + sin“ (-—] ie 
(a2 + b*)(4h2 + b?) J (a2 + b2)(4h2 + a?) an 


by b 2 
= |sin-?( ——_ 1-(—=) ——— 1-(—+) 
va? + b? va? + b? va? + b? va? + b? 


aoe, 2ah ( ) 
= }sin-? |§ 1 - | —______— 
(a? + b?)(Ah?2 + b2) (a? + b?)(4h? + a?) 


Saas =xmnrznguy ss | s@maj[xx*Xrrrva>=2>]"2—2—]——Y5 
" [eat + DIR + a) (a? + b?)(4h? + b?) 


b b 
a a oe ae ea 
a 2ah 4a*h? + 4b7h? + a* + a*b? — 4b*h? 
on (a2 + b2)(4h2 + b2) (a? + b*)(4h?2 + a?) 
" 2bh Agth? + Abeh* 072 De = 40th?) ar 
(a2 + b2)(4h2 + a?) (a* + b*) (4h? + b?) an 
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a? b? 
> sin? fare + i] 
ss ait 2ah,/a2(4h2 + a2 + b2) 2bh./b2(4h2 + a2 + b2) 1 
(a? 


+ b2),/(4h2 + a2)(4h2 +b?) (a2 + b2) (4h? + a2)(4h2 +2) -2n 


og Aa Be __1( 2h(@? + b?)y (4h? + a? + b?) 1 
Sl | SI 
a (a2 + b?),/ (4h2 + a?) (4h2 + b?) 


~ 2n 

> sin-1(1) —sin-!| 2h _ ahetattb? = Ride 
(4h2 + a?) (4h? + b?) 2n 

K-41 Si 4h? + a? + b? in“ (1) tT Tt 

> i _ J = —-— = ET 

ee (4h? + a2)(4h? + b2) 2n 2. 2n 
Sh 4h? + a? + b? ; @ sm ve 
> oS —-— —jJ = — 
(4h? + a2)(4n2 +2) ND 2) ~ © On 


2 
oh 4h? + a? + b2 ( ay sau 
> a — — = —— 
(4h? + a2)(4h? + b2) A Oye Te on 


AR ANS ia SB) | 2. 5M 
(4h? + a2)(4h2 +62) > 2n 


1 
> 16h* + 4(a? + b7)h2 = (16h* + 4(a? + b?)h2 + a*b?)cos? on 


1 1 1 
> 16 (1 — cos? =) h* + 4(a? + b?) (1 — cos? =) h? — a*b?cos? is 0 


8 8 8 
> 16sin? — h* + 4sin? — (a? + b”)h? — a*b*cos* — = 0 
2n 2n 2n 
1 
=> 16h* + 4(a* + b*)h? — a*b* cot? oar 0 
Now, solving the above bi-quadratic equation to obtain the values of h? as follows 


—4(a? +b?) + |(—4(a? + b2))” + 4(16)a?b2cot? ne 
> h2 SE 


2(16) 


—4(a? +b?) +4 | (a? + b?)? + 4a*b2cot? = 


32 


—(a? +b?) + |(a? + b?)? + 4ab? cot? na 


8 


Since, h > 0 or h? > 0 hence, by taking positive sign we get the required value of normal height h as follows 
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—(a* + b*) + | (a? + b?)? + 4a*b*cot? An {(@? + b?)? + 4a*b*cot? x} - (a? + b?) 
h2 = 


8 8 





2 2)2 2h2enr2 2H) — (92 2 
{(a + b*)? + 4a*b2cot sa} (a? + b*) 


2V2 





Normal distance, h= .. UIT) 


Outer (circumscribed) radius (R,) of n-gonal trapezohedron (i.e. radius of the spherical surface 
passing through all (2n + 2) vertices of trapezohedron): Let R, be the circumscribed radius i.e. the 
radius of the spherical surface passing through all 2n+2 vertices of a trapezohedron. (See figure 3 below) 


Consider the right kite face ABCD & join all its vertices A, B, C & D to the 
centre O of n-gonal trapezohedron. Draw a perpendicular OO’ from the 


B Face 


centre O to the face ABCD at the point O’. Since the spherical surface with a 
radius R, is passing though all 2n+2 vertices of polyhedron hence we have 


OA=0OB =0C =OD=R, & OO'=h 


Now, in right AOO'A 


=> (OA)? = (00')? + (O'A)*? = h? + (0'A)? 








2 
(= + ~) 
2v2 2 
Figure 3: An elementary right pyramid OABCD is 
obtained by joining all four vertices A, B, C & D of 
{(a2 + + b?)* + 4a?b?cot? x} - (a? + b?) ar acee right kite face ABCD to the centre O of an n-gonal 
= a + Z trapezohedron/deltohedron 
{(@? + b?)? + 4a*b*cot? x} - (a? + b*) + 2(a? + b?) 
= es 
{(@ + b?)? + 4a*b2cot? a x} +a’? +b? 
2 
>R, ae 
2 2 2)2 22 2 2 2 
=> 8R, = _|\(a2 +b’) + 4a7b*cot an +a°+b donut seseenece eee lV) 


Since, all 12 vertices are located on the circumscribed spherical surface, Let us consider a great circles with 
the centre ‘O’ passing through two identical & diagonally opposite vertices C & E (as shown in the figure 4 
below). Hence the line CE is a diametric line passing through the centre O of a great circle (on the 
circumscribed spherical surface) & the vertices C, A & E are lying on the (great) circle hence, the angle CAE = 
90°. Now 
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In right ACAE A 
(CE)? = (AC)? + (AE)? 


Now, by substituting all the corresponding values in the above 
expression we get 


(2R,)? = (Ja? + b) + (by? 


4R,” =a? +b? + b? =a? + 2b? 









circumscribed 


Spherical surface 


Figure 4: Two vertices C & E are identical & diagonally 
opposite. Vertices C, A & E are lying on a great circle on the 
circumscribed spherical surface & angle CAE = 90° 





> 8R,” = 2a? + 4b? ceiauticeencetl) 
Now, equating eq(IV) & (V), we get 
7 
2a? + 4b? = {(@ + b?)? + 4a?b*cot? —} +a’ +b? 
2n 
7 
>a’*4+3b2= {(@ + b?)? + 4a*b2cot? —} 
2n 
1 
> (a? + 3b)? = (a? +b”)? + 4a7b2 cot? oe 
1 
> at + 9b* + 6a7b? = at + b* + 2a*b? + 4a*b2cot? oo 
or 1 
> 8b*+ 4a*b? — 4a*b*cot? —=0 or 8b*-—4 (cot? —- 1) a*b? =0 
2n 2n 
or 2b* — (cot? — 1) a*b?=0 = Bb? (2b? — (cot? eee 1) a’) =0 
2n 2n 


But, b # 0 hence, we have 


2b? — (cot? — 1) a? =0or —= 








1 1 1 1 
= |tan—tan— or a=b |tan—tan— 
n 2n n 2n 


:. The required relation between unequal sides (edges)a&b of n gonal trapezohedron 


In right AABC (from the figure2) 


t ACB aes aR t ae mm t —t are 2t 1 t —t ame. 
= = > = = = 
ana an an an or a an an an 
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Now, setting the value of smaller side (edge) a in term of larger side (edge) b in the eq(IIl), we get 


1 
{(@? + b*)? + 4a?b*cot? x} — (a? +b?) 


2Vv2 





2 





2 2 Z 
Te ga Ae 2 Tw, HW \ pope Eh _ Tan JE 2 
(i tan tang) +0) +4(s tan tang) b*cot oy ((» tan tang) +0) 
7 2Vv2 
Sp ce Ee ROY Atay i tan op? Eb (h2tan tan JH + 2 
{(b tan—tan>z— +b ) + 4b tan; tan 7m Cot A ( tan~ tanz— + b ) 

7 2V2 

4 ede © ot H)— p2 Te 

b {(1 + tanZ can) + 4tanZ cot x} b (1+ tan tans) 


















(1 + tan? a +8 (1 — tan? x) _ ( + tan? 4 


(1 — tan? zy 1— tan* on 


2v2 






ue 5 a 7: 1+ tan? = 
b {1+ tan at 2tan 2, + 8 — 8tan x} - 1— tan? 
n 


2V2 
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1+tan? = 
1 [fo tant Z — 6tant Z} - ("2p 
2n 2n 1 — tan? — 

n 2n 


2v2 


bV2 b 


a2 22 2 


-. Normal distance of each face fromthe centre of trapezohedron, 








Now, setting the value of a in term of b in the eq(V), we have 


a? + 2b? 


8R,”’ =2a7+4b? >R,?= A 


Zz 
1 1 
: (> con eae i) + 2b b?tan= tan = + 2b* ~—b? (2 + tan= tan 


ae 2n = 
i 4 4 4 


b 1 Tt 
or Rg = 3 2+ tan” tans 


zn) 


Surface Area (A,) of n-gonal trapezohedron: Since, each of 2n faces of a uniform polyhedron is a right 


kite hence the surface area of the trapezohedron is given as 


A, = 2n x (Area of right kite face) = 2n x (2 x (Area of right AABC)) (see figure 3 above) 


1 TA TC TC Tl 
=4nx (5 ab) = 2nb\ b |tan—tan—]} = 2nb? |tan—tan— 
2 n 2n n 2n 
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Volume (V) of n-gonal trapezohedron: Since, a trapezohedron has 2n congruent faces each as a right kite 
hence the trapezohedron consists of 2n congruent elementary right pyramids each with right kite base 
(face). Hence the volume (V) of trapezohedron is given as (See figure 3 above) 


V = 2n x (volume of elementary right pyramid with right kite face ABCD) 


1 2n 
=2n {5 xX (area of right kite face ABCD) x (normal height) = Gq (ab) x (h) 
_2nb/, |, T 1 b_ nb? , tT 7 
eA a tne 8 A a on 


Mean radius (R,,,) of n-gonal trapezohedron: It is the radius of the sphere having a volume equal to that 
of a given n-gonal trapezohedron/deltohedron. It is calculated as follows 





volume of sphere with mean radius R,,, = volume of given trapezohedron 


3 

TU TU 
—7(R,,)? = — |tan—tan— 
3 (Rm) 3 n 2n 








(R..)? nb? : tr TC : nb? ‘ T 7 \3 . n ‘ tT 7 \3 
> = an—tan— or = an—tan—)]) =b|— |tan—tan— 
™ An n 2n m An n n An n n 


For finite values of a or b (known value) > R; < Ry, < Ry 


We know that the n-gonal trapezohedron with right kite faces has two types of identical vertices. It has 
two identical & diagonally opposite vertices at each of which n no. of right kite faces meet together & rest 
2n are identical at each of which three right kite faces meet together. Thus we would analyse two cases to 
calculate solid angle subtended by the solid at its two dissimilar vertices by assuming that the eye of the 
observer is located at any of two dissimilar vertices & directed (focused) to the centre of the n-gonal 
trapezohedron. Thus let’s analyse both the cases as follows 


Solid angle subtended by n-gonal trapezohedron at each of its two diagonally opposite vertices: 


We know that n no. of congruent right kite faces meet at each of two 
diagonally opposite vertices of a n-gonal trapezohedron hence by assuming 
that the eye of the observer is located at one of two identical & diagonally 
opposite vertices (See figure 5), the solid angle is calculated by using HCR’s 
standard formula. According to which, solid angle (w), subtended at the 
vertex (apex point) by a right pyramid with a regular n-gonal base & an 
angle a@ between any two consecutive lateral edges meeting at the same 
vertex, is mathematically given by the standard (generalized) formula as 
follows 





Figure 5: The eye of the observer is located at 
two different vertices since the trapezohedron 
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Ud 0 a 
w= 2n—2nsin-* (cos lean? — tan $) VnEN&nZ>=3 


We know that the acute angle of the right kite face is given as follows 


/ 1 1 a 1 1 
a=2tan!|{ /tan—tan—] > tan—== |tan—tan— 
n 2n 2 n 2n 


Now, by setting the value of tan> in the above formula, we get solid angle subtended by the (convex) 


trapezohedron solid at each of two diagonally opposite vertices as follows 


@ = 2m —2nsin"! 





Us 1 1 1 
= 2m —2nsin“'!{ cos— |tan? —— tan—tan— 
n n n 2n 


1 1 Ua 1 
= 2m — 2nsin (cost tan —(tan=— tan =) 
n n n 2n 


= 2n — 2nsin"! 


1 
= 2m —2nsin"! [ot 
n 


1 


. 2tanx 
(since, tan2x = | 
1 —tan?x 








1 
_ peels 
2—1+tan ™ 


2m — 2nsin™ 


| 
( 





Tt Tt 
= 2x —2nsin™ = 2m —2nsin"! ( sin—tan =) 
n 2n 





Hence, the solid angle subtended by the n-gonal trapezohedron at each of two identical & diagonally opposite 
vertices is given as follows 
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Solid angle subtended by n-gonal trapezohedron at each of 2n identical vertices: 


We know that three congruent right kite faces meet together at each of 2n identical vertices of an n-gonal 
trapezohedron hence by assuming that the eye of the observer is located at one of 2n identical vertices (See 
the upper position of the observer’s eye in figure 5 above) the solid angle is calculated by using formula of 
tetrahedron (as discussed in another paper). In this case, three edges meet together at each of 2n identical 
vertices & make the angles 90°, 90° & 6(= 180° — 2a) with one another consecutively thus we have 


1 1 
a=90°, B =90° & y = 180° — 2tan-( [tan— tan =) (y > 90°) 


Now, let’s calculate the constant K by using the formula as follows 


Baey 


Se ee ey 
sins Sin's Sins 











K= 
2 
oO eB of og he oP to ¥ 
4sin? 5 sin? 5 (sin 5 + sin? 5 — sin® 5 
(180° = 2tan-( tan“ tan #)) 
90° . 90° . shorn en 
2sin sin —sin + 
K= 





2 


a TH 
(190° -2tan~ ( [ean tan #)) 
90° 90° 2 90° 2 90° fo 
sin a t+ sin a7 sin pe ae 








1972 2 ejn2 —_ 
Asin 7 Sin® 





TU TU Tl 1 
cos|tan-!| /tan=tans— cos|tan-!{ /tan=tans— 
n 2n n 2n 


2 
1—(1-cos2{tan-1( |tanZtanZ 1—(sin2(tan-1( /tanZtan + 
n 2n n 2n 


1 1 


2 


1 1 
1+ sin?|tan-!| /tan—tan5— 
( n 2n tan - tan an 


; . n 
14+ 4sin| sin} 





2 
1 1 
1 +( tan tang 





1 1 
1 1 1+ tan tan>5— a 









TU TU 
1 1 1+ 2tan—tans5— 
tan - tan a tan tan>, bean 
1+ 1+ tan= tan a 
1+ tan= tans5— ~~ 
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1 1 
1+ tan—tanz=— 
no 2n yy n>330<K<1 






1 
1+ 2tan> tan5— In 














= 2|sin™ 
1 Ud 1 1 
1+ fan FON 2 1+tan nn 2n 
1+ 2tan> tan5- 1+ 2tan~ tan5- 
1: 1+ 2tan7 tan>— 1+ 2tan™ tan 
= 2}sin-2| — /—————_+2 } - sin ee 
V2 1+ tan= tana 14+ tan tan 
n 2n n 2n 
1+ 2tan= tan >— 
es 2+2tanXtanZ ie 1+ tan= tana 
an~ tanz— an~ tan >— 
1+ 2tan= tan >— tan tan > 1 
= 2 sin71 n n ——7 ——_1 “1 ———— 
2+ 2tan = tan 1+ tan= tan5—- 1+ tan= tan5—- xe 2+ 2tan = tan 
n 2n on 2n n 2n 


/1 + 2tan= tan>— — |tan= tanz— /1 + 2tan = tanz— — }tan= tanz— 
1 = 2sin"+ 


i kk > ‘aca + tan= tan x) 


ae (erro + tan= tan +) 


Similarly, we can find out the value of solid angle w, (which is equal to 4) as follows 


[1 + 2tan= tan>— — |tan= tan>— 
-1 


> @, =, =2sin 
= EAs tan5—) 


sin 


nes 


1 





Now, @3 = 2|sin 





Note: For detailed discussion, go through the paper ‘Mathematical Analysis of Tetrahedron by HCR’ 
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The largest angle of parametric triangle is C which is calculated by using cosine formula as follows 
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Hence, the parametric triangle is an acute angled triangle. 


Hence the foot of perpendicular (F.O.P.) drawn from the vertex of a tetrahedron to the plane of parametric 
triangle will lie within its boundary hence, the solid angle subtended by the n-gonal trapezohedron at the 


vertex is the sum of the magnitudes of solid angles as follows 
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Hence, the solid angle subtended by the n-gonal trapezohedron at each of 2n identical vertices (at each of 
which three right kite faces meet together) is given as follows 


The above formula is equally applicable for any arbitrary value of n (i.e. a natural number = 3). 


Dihedral angles between the adjacent right kite faces: We know that there are two unequal edges a & b 
of each of 2n right kite faces which are common (shared) between two adjacent right kite faces. Hence there 
are two cases of common edge (side) 1. Smaller common edge & 2. Larger common edge. In order to calculate 
dihedral angles between the adjacent right kite faces with a common edge in an n-gonal trapezohedron, let’s 
consider both the cases one-by-one as follows 


a. Dihedral angle between the adjacent right kite faces having smaller common edge: 


In this case, consider any two adjacent right kite faces sharing a 
smaller common edge (as denoted by the point M normal to the 
plane of paper in the figure 6) each at a normal distance OO’ =h 
from the centre O of the uniform polyhedron. Now 
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Hence, the dihedral angle between any two adjacent right kite faces Figure 6: Two adjacent right kite faces sharing a 


meeting at smaller common edge (a) is given as smaller common edge of length a denoted by the 
point M normal to the plane of paper. 


b. Dihedral angle between the adjacent right kite faces having larger common edge: 


In this case, consider any two adjacent right kite faces meeting at larger common edge (as denoted by the 
point N normal to the plane of paper in the figure 7 below) each at a normal distance OO’ = h from the 
centre O of the n-gonal trapezohedron. Now 
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Hence, the dihedral angle between any two adjacent right kite faces Figure 7: Two adjacent right kite faces sharing a larger 
common edge of length b denoted by the point N 


sharing larger common edge (i.e. b) is given as 
normal to the plane of paper. 


Construction of a solid n-gonal trapezohedron: In order to construct a solid n-gonal trapezohedron 
having 2n congruent faces each as a right kite with two pairs of unequal sides (edges) a & b while one of them 
is required to be known for calculating important dimensions of polyhedron. 


Step 1: First we construct right kite base (face) with the help of known values of a & b while one of these is 
required to be known while other unknown side (edge) is calculated by the following relations of a & b 


1 1 
a=b |tan—tan— 
n 2n 


Step 2: Construct all its 2n congruent elementary right pyramids with right kite base (face) of a normal height h 


Ree wi = b |tan—tan— 
a) a= a eS 


Step 2: paste/bond by joining all 2n elementary right pyramids by overlapping their lateral faces & keeping 
their apex points coincident with each other such that n right-kite faces meet at each of two identical & 
diagonally opposite vertices and three right kite faces meet at each of rest 2n identical vertices. Thus, a solid 
n-gonal trapezohedron, with 2n congruent faces each as a right kite with two pairs of unequal sides of a & D, is 


given as (See figure 3 above) 


obtained. 
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Important deductions: We can analyse any n-gonal trapezohedron having 2n congruent right kite faces by 
setting values of no. of faces n meeting at each of its two identical & diagonally opposite vertices as follows 


1. n-gonal trapezohedron having least no. of right kite faces (n = 3) 


By setting n = 3 in all above generalized formula of n-gonal trapezohedron, we can calculate various 
important parameters. 


no. of congruent right kite faces = 2n = 2(3) =6 
no.of edges=4n=4(3)=12 & no.of vertices = 2n+2=2(3)+2=8 


Now by setting n = 3, we get ratio between unequal sides (edges) a & b as follows 


1 1 1 1 1 
a=b [tan—tan=— = b [tan tan= = b I(W3)(sq) = WvI= 2 >a=b 


Thus, above result shows that the trapezohedron is a solid having 6 congruent right kite faces 
TC TC TC TC 1 
acute angle,a = 2tan-( [tan—tan =) = 2am ( [tan tan =) =2tan | iy3) (=) 
= 2tan-1(1) = 90° 


> a= Bf =180° —-a=90° 


All the angles of each right kite face are right angles hence all 6 congruent right kite 
faces are square faces. Hence the polyhedron is a hexahedron or cube (figure 8) 
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Hence, the solid angle subtended by n-gonal trapezohedron at each of its two identical & diagonally 
opposite vertices is given as follows 


7 7 7 1 
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= 2x —6sin1 
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Hence, the solid angle subtended by n-gonal trapezohedron at each of its 2n identical vertices is given as 
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Hence, the dihedral angle between any two adjacent right kite faces meeting at larger common edge (b) is 


follows 


w = 4sin 


+ 2sin 


= Asin 


+2sin} 


= Asin 


+2sin1 








given as 


1 1 tT 1 1 
= -1 _— —|]= -1 _ -—|j= -1 — = -1 
26 = 2tan ( [cot— cot =) 2 tan ( [cot 3 cot =) 2 tan (=) (V3) 2 tan~*(1) 


= 90° (angle between any two square faces of a hexahedron or cube ) 


Hence, from all above results obtained by the generalised formula it’s shown that the n-gonal 
trapezohedron with 6 congruent right kite faces is a hexahedron or cube. Thus the generalised formula 
are verified which are equally applicable on any n-gonal trapezohedron with congruent right kite faces. 
Thus it is clear that there are infinite no. of n-gonal trapezohedron having congruent right kite faces which 
can be analysed by setting n = 3,4,5,6,7,............... to analytically compute all the important 
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parameters such as ratio of unequal sides, outer radius, inner radius, mean radius, surface area, volume, 
solid angles subtended at the vertices, dihedral angles between the adjacent right kite faces etc. 


Conclusions: Let there be any n-gonal trapezohedron/deltohedron having (2n + 2) vertices, 4n edges & 2n 
congruent faces each as a right kite with two pairs of unequal sides (edges) of a& b then all its important 


parameters are determined as tabulated below 





Inner (inscribed) radius (R;) 





Outer (circumscribed) radius (R,) 





Mean radius (R,,,) 





Surface area (A, ) 








Volume (V) 








n 


An n-gonal trapezohedron has two unequal sides (edges) a & b inaratio given as 


b 


1 1 
tan—tan— 
n 2n 


Each right kite face of n-gonal trapezohedron has one acute angle @ given as follows 


Tt Tt 
a= 2tan-( tan—tan =) 
n 2n 


& two right angles & one obtuse angle 6 (V B = 180° — a) 


Note: Above articles had been developed & illustrated by Mr H.C. Rajpoot (B Tech, Mechanical Engineering) 
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